Abstract. Let f : S − → P 1 be a semistable and non isotrivial fibration, we prove that if S is nonruled and g ≥ 3 then the number s of singular fibers is at least 6. Furthermore, if S is ruled and g is large enough with respect to some topological invariant of S, then we also obtain s ≥ 6. These result are refinements of Theorems by A. Beauville and S-L. Tan.
Introduction
Let S be a projective, irreducible non-singular complex surface and let f : S − → P 1 be a semistable fibration (s.s. for short) of genus g (i.e. all the fibers of f are semistable curves of genus g). In [2] it was proved that if g ≥ 1 and f is not isotrivial then the number s of singular fibers is at least 4. In [6] this result was strengthen by proving that if moreover g ≥ 2 then s ≥ 5.
The goal of this brief paper is to prove the following refinements of the results by Beauville and Tan: Theorem 2.1. Let S be a non ruled surface, f : S − → P 1 a s.s. and non isotrivial fibration of genus g ≥ 3, then s ≥ 6. Section 2 is devoted to the proof of this theorem. As a byproduct of the method used in the proof (Reider's method) we obtain that if S is any surface and f : S − → P 1 a non isotrivial s.s. fibration of genus g ≥ 6 then the adjoint linear system |K f + K S | defines an immersion away from the vertical (−2)-curves (Th. 2.2).
In section 3 we show that if S is a ruled surface and f : S − → P 1 a fibration as above then s ≥ 6 provided g is "large enough" (Prop. 3.1).
The proofs of Theorem 2.1 and Proposition 3.1 are based in the "strict canonical class inequality" proved by Tan in [6] : if f : S − → P 1 is a fibration as above and K f denotes the relative dualizing sheaf then K 2 f < 2(g − 1)(s − 2). The reader is strongly remitted to [2] and [6] for a more detailed discussion of the problem. We can summarize the information obtained after this paper as follows:
. if g ≥ 2 and S is any surface then s ≥ 5 (Tan's Theorem), . if g ≥ 2 and K 2 S > 0 then s ≥ 7 (this is an easy consequence of Tan's inequality), . if g ≥ 3 and S is a nonruled surface then s ≥ 6 (Theorem 2.1), . if S is a ruled surface with minimal model S 0 and S is the blow-up of S 0 in k points then g ≥ −2e(S 0 ) + k + 2 ≥ 2 implies s ≥ 6.
The author wants to thank Prof. A. Beauville for useful comments that helped to improve the final version of this paper.
Semistable fibration on a non-ruled surfaces
In what remains f : S − → P 1 will denote a non-isotrivial semi stable fibration of genus g. If C is the general fiber of f and K f = K S (2C) is the relative dualizing sheaf we have the following basic facts and notations:
The Arakelov-Parshin Theorem (see [5] ) states that 
(If D is any irreducible curve on S we shall say that D is vertical if it is contained in some fiber of f , otherwise we shall say that D is horizontal). Proof. Let B = K f (−C), from χ f > 0 and projection formula it follows that B is an effective divisor. |2B| = |2K f − 2C| = |K f + K S | is the adjoint linear system of K f . Using remark 2 it is sufficient to prove that there exits a divisor in |2B| not containing as irreducible component a (−1)-curve ( [3] , first paragraph in Chapter VIII). Thus, it is sufficient to prove that the linear system |2B| is base point free. As |K f | is big and nef we can apply Reider's method ( [4] , Chapter 9).
Note first that B.K f ≥ 0 (as B is effective and K f nef). We have even B.K f > 0, to see this remember that for Arakelov-Parshin Theorem K f .B = 0 would imply that B is a chain of (−2) curves contained in fibers of f . As B 2 = B.K f (−C) we must have B 2 = 0 and then some fiber of f must be a chain of (−2) curves, but this implies that the genus of the fibration is 0. Now, as
According to Reider's Theorem if x is a base point of |2B| then x must be contained in either: a) an irreducible curve E such that K f .E = 0 and E 2 = −1 or b) an irreducible curve E such that K f .E = 1 and E 2 = 0. In general we have 2g E − 2 = E 2 + E.K S = E 2 + E.K f − 2E.C. It follows at once that both cases are impossible.
With a little more effort we can obtain: Proof. As B.K f = K i) ∃ E on S with: a) K f .E = 0 and E 2 = −1 or b)K f .E = 0 and E 2 = −2. ii) ∃ E on S with: a)K f .E = 1 and E 2 = 0 or b)K f .E = 1 and E 2 = 1. iii) ∃ E on S with K f .E = 2 and E 2 = 0. Let us consider each possibility:
ib) 2g E − 2 = −2 − 2E.C, this implies that C.E = 0 and then E must be a vertical (−2)-curve.
iia) 2g E − 2 = 1 − 2C.E, a contradiction. iib)2g E − 2 = 2 − 2C.E. If C.E = 0 then E must be a vertical fiber with E 2 = 1, which is impossible. If C.E = 1 then g E = 1 and f must induce a degree 1 map between E and P 1 , this gives again a contradiction. Finally, if C.E = 2 then g E = 0 and K S .E < 0, this is possible only if E is a (−1)-curve which contradicts E 2 = 1. iii) We obtain, as in the previous case, 2g E − 2 = 2 − 2C.E. If C.E = 0 E is a vertical curve with E 2 = 0, thus E must be a fiber of f of genus 1 (!). The two remainder cases can be analyzes exactly as in the previous item. Now, note that if E is a vertical (−2)-curve then
Its follows that |K F | contracts E to a point and, consequently sends S onto a normal surface birrational to S. This conclude the proof.
Semistable Fibration on a Ruled Surfaces
In this section we prove a proposition which implies that if S is a ruled surface and f : S − → P 1 a fibration as before of "sufficiently higher genus" then s ≥ 6. 
Proof.
a) The topological Euler characteristic of S is: e(S) = k +3 = −4(g −1)+e f ([1], Proposition III.11.4). Using the projection formula and h 0 (K S ) = 0, K f (−2C) = K S we see that:
In particular χ f = g. Thus, by adapted Noether's formula: 12g = K 2 f + k + 3 + 4(g − 1). Combining the previous equalities and Tan's inequality we obtain:
b) The proof follows the same argument, we need only to modify the values of the involved invariants: e(S) = 4(1 − q) + k and
and consequently χ f = g − q.
